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ABSTRACT. Properties of the paths of two dimensional Brownian motion
are used as the basis of a proof of the little Picard theorem and its analog for
complex valued functions, defined on simply connected n dimensional manifolds,
which map certain diffusions into Brownian motion.

1. Introduction. Let C be the complex plane, f be a nonconstant entire
function, and 4 and b be distinct complex numbers. It is possible to find a closed
Brownian motion path in C which has an image under f that misses both a and b
and is not homotopic to 0 in C — {a, b}. This can be used to show that either @
or b is-in the range of f, which proves Picard’s little theorem. The proof given
here follows this outline.

Brownian motion will always mean two dimensional Brownian motion in C,
and Z,, 0 <t < o, will always be standard Brownian motion. Probability and
expectation associated with Z, given P(Z, = a) = 1 will be denoted by P, and
E,. It is a theorem of P.'Lévy that if f is a nonconstant entire function then
f(Z,),0<t<eo,is also a Brownian motion, although perhaps moving with
varying speed. More precisely, if n(f) = f51f'(Z,)|? dt, then n(?) is almost surely
strictly increasing to infinity and the process W,, 0 <t < o, defined by W, ) =
f(Z,) is a standard Brownian motion started at f(Z,). See McKean [5, p. 109]
for a derivation. This reduces the study of the image paths f(Z,), 0 <t <o, to
the study of Brownian motion paths.

A diffusion on an n dimensional manifold will be called recurrent if, with
probability 1, it returns to each neighborhood of its starting point at arbitrarily
large times. It will be shown that a continuous complex valued function on a
simply connected manifold which maps a recurrent diffusion into Brownian mo-
tion (in the sense of Lévy’s theorem) has the Picard property, i.e., the range of
f omits at most one complex number. (In §5 it will be shown how this condition
can sometimes be expressed as a condition on the derivatives of f.) Thus to each
recurrent diffusion corresponds a collection of functions with the Picard property,
although sometimes, for example if the diffusion moves in only one dimension, it
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may be empty. If the diffusion is standard Brownian motion it will be seen that
the associated functions are exactly those which are either entire or anti-entire
(7 @), f entire).

A theorem of Ito and McKean (essentially Theorem 3.1 here; see [S, p. 111])
about the entangling of Brownian motion in the twice punctured plane is impor-
tant, in fact central, in what follows. Since the original proof uses the modular
function and is not elementary, a new proof based on a law of large numbers is
provided here. This proof gives an idea of the rate at which the entanglement
progresses.

To be concise, statements and equations which hold only almost surely will
not always be so qualified in what follows. Likewise the Strong Markov Property
for Brownian motion, used again and again, will not be cited each time it is used.

Next a few wellknown facts about Brownian motion will be collected in
the form of propositions. Since the first two are easily proved using Lévy’s
theorem, proofs for them will be sketched. These proofs are new.

PROPOSITION 1.1. P (Z, ever hits b)) =0if b #a.

Proor. Under Py, (a - b)eZt + b is a Brownian motion started at a.
Clearly, it never hits b.

ProPoSITION 1.2. Brownian motion is recurrent.

Proor. Using the Strong Markov Property and the fact that aZ, + b is
also Brownian motion it is easy to reduce the proof to showing

(1.1) P,(Z,| <1 for some t>0)=1 ifrisreal,r>1.

Now local properties of Brownian motion readily give
(1.2) 1‘1_)ml P(Z,l <1 for some t >0) = 1.
But
Prl/,,(lZ,I <1 for some t > 0) = Prl/n(lz;'l < 1 for some ¢t > 0)

=P,(IZ,| <1 for some ¢t > 0),

the last equality holding since f(z) = z" is entire. Since r*/® — 1 asn — oo,
(1.2) implies (1.1).

The next proposition, due to Kakutani, holds in much greater generality
(see [3]). In the present case it follows from an extension of Lévy’s theorem
which deals with stopping times (see [1, p. 196]). Let R be the real line, and
let A= {z: |z| = %}. Let Q(r, z) and P(e®/2, ) be the standard Poisson kernels
on R and A respectively, that is, if z = x + iy,
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ProrosiTiON 1.3. (i) If p = inf{t = 0: Z, € R} then the distribution of
Z,, under P, is given by the measure Q(r, z)dr.

(i) If 7 = inf{t > 0: Z, € A} then, if |z| <%, the distribution of Z_ under
P, is given by the measure P(e" [2, z)d.

2. Preliminaries. Let R be the real numbers, I be the imaginary numbers,
and U = {z: |z| < 1}. Let C* be the space obtained by removing the points + 1
from C and then identifying the points of U. If A(¢), 0 <t < T, is a curve in C,
that is a continuous function from [0, T] to C, such that A(t) # £1,0 <t < T,
a condition that will be assumed to hold for all curves considered in this section,
h*(t), 0 <t < T, will be the curve in C* which results from the projection of A.

If h(0) € U, h(T) € U, then h* is a closed curve in C*, and, since the
fundamental group of the twice punctured plane is isomorphic to the free group
with two generators, the entanglement of #* in the points 1 can be represented
by a word w(h*) = w consisting of the four letters a, !, b, b~!, where a and b
stand for clockwise loops around 1 and —1 respectively and ¢! and 5™} for
counterclockwise loops. It will always be assumed that w is written in the shortest
possible way, so that baa~'b is disallowed, being replaced by bb. We divide the
sixteen possible pairs of letters into three classes as follows. Class I: ab™!, ba™},
a~'b, b 'a. Class II: aa™*, bb™!, aa, b~'b. Class III: everything else. Let
i(w) be the initial letter of w, (w) be the last letter of w, and |w| be the number
of letters in w which are immediately followed by the inverse of the other letter,
that is the number of times the Class I combinations occurs in w. For example,
if w=ab"laab, lw| = 2. If h* and g* are two closed curves in C* such that g*
begins where h* ends we let A*g* stand for the curve h* followed by g* and we
write h* ~ g* if h* is homotopic to g*, h* ~ 0 if h* is homotopic to 0.

The first two of the following lemmas are immediate, and not proved.

LEMMA 2.1. Let h be a curve in C starting and ending in U and let h, hy,
and h, y be h reflected about the real, imaginary, and both axes respectively. Then
w®B*)| = w(h)l = w(h)l = Iw(h},)| and the four words each start with a
different letter and each end with a different letter.

LEMMA 2.2. Let h* and g* be two curves in C* which begin and end in U,
and let o, 8 and 7y stand for w(h*), w(g*), and w(h*g*) respectively. Then
@) Il = lof + 181 + 1 if U(e)i(B) € Class 1,
(i) Iyl = lal = I8l = 1 if )i (B) € Class 1I,
(iii) Iyl = lal + 18l if I(@)i(B) € Class IIL.
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LEMMA 2.3. Let h(t),0<t < T, be a curve in C, such that h(0) € U,
h(T) € U. Definety=0,and ifi>1let

t;=inf{t >1t,_,: I(e)l = 1}, if i is odd,

t; =inf{t >¢;,_;: h(t) ER}, if i is even and Re h(t;_;) <Im h(t,_,),

t; =inf{t >¢;,_,: h(t) €I}, if i is even and Re h(t;_y) > Im h(t;_,).

Let N = N(h) = max{k: t,, <T}. Then w(h*)| <N.

Proor. For notational convenience let T =ty ,. If h(¢;) € U and A(t)
& (-0, —1) U (1, ), let I;, be the shortest straight line from U to h(z,), oriented
in that direction, and J;_ be this line oriented in the other direction. If h(t;) €
(=%, —1) U (1, ), let /;, and ;_ be a straight line from h(z;) to U, hitting U on
the same side of the real axis that h(t;_,) is on, oriented as before. If h(z,) EU
let /;, and /,_ be curves consisting of the single point A(t;). The curve h(t), t;,
<t <t,, will be denoted by ;, and A, will stand for the curve /;_;y,%;/;. Now
Ar is closed, and furthermore W)l = 0. If i is even this is a consequence of
the fact that A, stays entirely in one of the half planes Re 2> 0, Re z<0,Im z
=0, or Im z <0, and if i is odd it holds since either A, stays entirely inside
{z: lzI < 1} (if Ih(z,_ )l < 1), or else never hits {z €R: —1 <z <1}. Thus,
since h* ~ yMy¥ - X411 ~ AL -0 Af4 1, Lemma 2.2 implies [w(h*)| <
Zw@Hl + N =N.

3. Winding of Brownian motion. If a <7 are two stopping times we will
let [Z,, Z,] stand for the curve Z,, a <t <1, and P, and E, will be replaced by
P and E for brevity. The o-field generated by a collection ¢ of random variables
is designated o(p). Other notation is that introduced in §2 and Proposition 1.3.

LemMA 3.1. Let F=0(Z,,7<t<). Givenany ¢ >0 thereisa § =
8(€) > 0 such that

() IP(4) — P,(A)I < eP(A),if A € Fand |z <5, and

(i) IEp — E,¢| < € E9, if ¢ is a nonnegative F measurable function and
lz| < 8.

ProofF. By Proposition 1.3(ii),
2 .
P,(4) = E,P,(AZ, =w) = [ " P o ,(4)P(E° 2, 2) do.

Since P(e®/2, z) — P(e'° /2, 0) = Y% uniformly as z — 0, (i) follows, and (i)
follows from (i) by first applying (i) to the sets {¢ > A} and then using the
equalities E¢ = fgP(¢ > N)d\ and E,¢ = [5'P,(¢ > N)dA.

Now let r <4, define v, = inf{t > 7: IZ,| =r},and let 0, = [Z,, Z, ].

LemMa 3.2. Limit,,, P(8) ~ 0) = 0.
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ProoF. Let C' be C— {1} with the points of U identified, and let 6, be
the projection of 6, onto C'. Then 8, 7 0 in C' implies 0¥ # 0 in C*. Define
ko =0,and if i > 1 let

w=inf{t >u;_,: Z, €(1,*)}, ifiisodd,

w=inf{t >u;_y: Z, € (-, 1)} ifiiseven.
Let M — 1 be the largest odd & such that u, <wv,. Define 7y, n,, . .., My by
N =W i <M, my =v,. Let X(2) =+1if [Z,, |, Zp,] makes a half loop
clockwise around 1 (Im Z,,_ > 0 if i is even, <O if i is odd), and ~1 if the half
loop is counterclockwise. Then ZM. | X,(Z) is twice the net number of winds 0,
makes around 1, so 8, ~ 0 in C" if and only if ¥, X;(Z) = 0. Now let p,, p,,
.. . be any sequence of plus ones and minus ones, and define W,,0 <t <uv,,
by W,=2Z,ift € [n_y,m] and p; =+1, W, =Z,if t € [n,_;, m;] and p; =
=1. Then the Strong Markov Property and the fact that reflected Brownian
motion is still Brownian motion imply that W,, 0 <t <v,, is also a Brownian

motion and thus its distribution is exactly that of Z,, 0 <t <v,. However
=M X,(W) = =X, p,X;(2), so that, given M = 2m,),

P(X{(2) = p;, 1 <i<2my) =P(X(2) =1,1<i<2my),
implying
Y, 2mo\ -2m
G.D) Pl Y X(2)=0|M=2my) = m |2 o,
i=1 0

Now Proposition 1.1 guarantees lim,,, v, = °, so that for any fixed &,
lim,, o P(v, > m;) = 1, implying P(lim,,, M = =) = 1, which together with
(3.1) gives lim_, o PEX., X,(Z) = 0) = 0, establishing the lemma.

Now let y > 0 be a fixed number satisfying both

(3.2) ¥y <68(01) (see Lemma 3.1),
(33) P@3~0)< .01 (see Lemma 3.2),
and let 6* and v stand for 63 and v,,.

Lemma 3.3. E(w(@*)%) < e.

ProOF. Define £y, ¢, ... asin Lemma 2.3 and 7 as in Proposition 1.3.
On {Re Zt2k—l <Im thk_l },

P2, | SHZpt Sty ) =Bz, (Z1<5)

y
inf r, 2)dr=a>0,
{z: 1zI=1,Re 2<Im z} j-y P, 2)ar
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by Proposition 1.3, with the same lower bound on {ImZ,,, , <Re Z,,_,},
using the analog of Proposition 1.3, (i), for the imaginary axis. Thus
Pty > vty <v) < (1 — @), implying P(t,, > v) < (1 — &)*, so, by Lemma
2.3, P(Iw(0*)| > 2k) < (1 — @)¥, and thus E(jw(6*)I?) < ce.

Now define v, = inf{t 2 0: |Z,l =y}, ,=inf{t > v_,: IZ,| =4%},i=> 1,
and y; = inf{t > 7;: |12, = y},i > 1. The following picture may make things a
little clearer.

Note that if the path is outside the circle {z: |z| <!} then 7; <t <uv; for some
i> 1. Defined; = [Z;, Z,]), S, = [Zy Z,,], H, = [Z:5p—1> Zvy,), and
F, =0(Z, 0<t<v,). Note that df ~ 0%, S} ~djd} ---d;,S3, ~Hf -
H?*, and H} ~ d%,_,d%,. Furthermore, under P, w(d}), w(d3), . . . are identi-
cally distributed, as are w(H}), w(H3), . . . , since Z,, is uniformly distributed on

{z: Iz| = %}.
LeMMA 34. P(w(H?)I = 1) > 1/5.

ProoF. By Lemma 2.2, P(Iw(H})| = 1) = PU(W(d}))i(w(d3)) € Class I).
Since, under P, Z, reflected about any line through 0 has the same distribution
as Z,, Lemma 2.1 and (3.3) give

P((w(d})) = a) = P(d} 7 0)/4 > 99/4, and

Pi(w(d?)) = b~1) = Pd} * 0)/4 = 99/4,
so, since 12, | <,

Piw(dp) = b7"IF,) = P, (Ow(ag)) =57,

> 99PG(w(d}) = 1) > (99)*/4,

the last inequality using (3.3). Thus P(i(w(d})) = b~ l(w(d})) = a) > 99%/4,
so that P(i(w(d})) = b~! and I(w(@})) = a) > (.99)3/16. Since the same bound
holds for the other three pairs in Class I, we get P(lw(HP)| = 1) > 4((.99)%/16)
> 1/5.

Finally, let y,, = W(S%,)| — W(S3,_,)I. Since S, ,H} ~ S3,, and since
Ew(@®)I?> = Ew(0*)* < o, Lemma 2.2 gives
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Eyk < E[(WED)! + 1)*] < E[(IW(d3,_1)| + Iw(d2,) + 2)?] = < oo

Now let 4;! = {(i(H¥) = a~!} and similarly define B!, B, and 4,,, and
let I denote the indicator function. Then, by Lemmas 2.2, 3.1, 2.1, and 3.4, on
{I(w(5%,-,)) = a} we have

E(yplFan—2) 2 E[WEHDI(A, L B,) + (IWH) + 1)I(B;)
= (WED)| + 1) IA4;IF,,_,]
= £z, _, [WEDIA, UB,) + (wEhl + DIGT)
= (wH}) + 1) I(471)]
> 99E[w(H)U(A4, VU B, UBT") + I(B11)]

- LOIE[W(H)U(AT") + I(47Y)]
99 [3EW(HY)I/4 + P(HY + 0)/4] - 1.01 [Ew(HDI/4 — P(HT # 0)/4]
A9EW(ED)| — Q0SP(HE 7 0) > 49/5 — 005 > 1/20,
with the same holding on {I(w(S%,_,)) = b, b~, or a™'}. Furthermore, on
{8302 ~ 0},

E(yplF2p_s) = E(WHEHI Fy )

=Ez  IWHDI> 99EWEH?) > 99/5 > 1/20.
2n—-2

Thus, E(y,|F,,_,) > 1/20. Let A, = E(y,|F,,_,) anda, =y, —A,. Now
E@2) = E(E@2IF,,_p)) < EE(¥2IF,,—;) = Ey} = . Thus,if h, = 2, a)fi,
then (h,, F,,_,,n > 1) is an L? bounded martingale, since [|,,[I3 <BZ7, 1/i2,
and so converges (a.e.) [2, p. 319]. Kronecker’s lemma implies lim,,_, ., =}, a,/n
=0, so that lim inf, ,, Z}_, y,/n > 1/20, and lim,_, ., Z}_, ¥; =
lim,,., . W(S3,)l = .

If we define y; = W(S%;; )t = W(S3._,)l, i > 1, an exactly similar argu-
ment shows lim,,_, ., Z7L, y; = %, implying lim,,_, ., W(S$,+ )| = *. Thus,

(34) lim | w(S3)| = o,

Let N = sup{k: w(S§)| = 0}, and let E = {N <eoo}. We have just proved
P(E) = 1. Now by the argument used in the proof of Lemma 3.1, A(E) =
ST @n )P 12(E)d0, implying P, o ,(E) = 1 for almost every 6, so that
— (%™ p 0 — ™ pyoi0 -
PE) =" P12, 2P 1 (E)A0 = [ P2, )0 =1, Il <1/2.
Now if both IZy| <y and 1Z¢ol < y, there is a kg such that Uy St
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< Tigs and [Zy, Z; 1* ~ SE,. Since S§ # 0 if kK > N, we may take T =
Ty+q in the following.

THEOREM 3.1. Let |z| <y. There is a time T, P,(T < *) = 1, such
that t 2 T and |Z,| <y implies [Z,, Z,]* + 0.

4. Proof of Picard’s little theorem. Let g be an entire function and
suppose that ¢ and b are distinct complex numbers not in the range of g. Let
f (@) = (28(z) —a — b)/(a — b). Then fis entire and * 1 are not in the range of f.
Let z,, satisfy |f(zy)l <y/2. That such a z exists follows immediately from
Proposition 1.2. and Lévy’s theorem. For suppose |f(0)| > »/2, and let n =
inf{t > 0: |f(Z,) = y/2}. Then P(n <) = 1. Let r > 0 be so small that
lz = zo| <rimplies [f(z)| <y. Let C be C with the points of {z: |z — z,| <r}
identified. Then f induces in the natural way a continuous map from CtoC*,
which will be called £, and any curve which is homotopic to 0 in Cis mapped by
finto a curve which is homotopic to 0 in C*, since this is a property of continuous
maps from one topological space to another. A path will now be exhibited which
is homotopic to 0 in C which has an image under f which is not homotopic to 0
in C*, and this contradiction will prove Picard’s little theorem.

Let W,, 0 <t <o, be a standard Brownian motion started at z,. Then
f(W,), 0 <t <o, is a Brownian motion started at f(z,) and so, by Theorem 3.1,
for almost every path W,, 0 <t < eo, there is a time § such that ¢ > S and
I f (W)l <y implies [f(W,), f(W,)]* # 0. Thus, for all £ > § satisfying [W, — W,|
<r we have [f(W,), f(W,)]* + 0. Let X be such a ¢, that is, let A satisfy
A= S and [Wy — Wyl = [Wy —zo| <r. There [f(W,),f(W))]* 7 0. The existence
of such a A for almost every Brownian path is guaranteed by Proposition 1.2. Let
v stand for any path of the form W,, 0 <¢ < \. Then the projection of 7 into
C, which will be called ?, is homotopic to 0 in Csince C is simply connected.
But the image of 7 under fis [f (W), f(W))]*, which is not homotopic to 0, a
contradiction.

5. Extensions of Picard’s theorem. If D,, 0 <t <o, is a diffusion on a
simply connected n-dimensional manifold T, n = 2, and if fis a continuous func-
tion from T to the complex numbers C, we will say that f maps D, into Brownian
motion if there is a continuous and almost surely strictly increasing random func-
tion n,(f) = n(¢), with n(0) = 0, such that, if we define B,f =B, by f (Dn‘l ( t)) =
B,, then B, is standard Brownian motion up to the time lim,, ., n(f) = n(). As
has been mentioned, analytic functions map Brownian motion Z, into Brownian
motion and it is very easy to check that here limit,_, ., nf(t) = oo, For general
diffusions D, note that on {n(c°) < e} we have, by the uniform continuity of
Brownian motion paths, lim, , f(D,) = lim,_, () B, exists. Now the recurrence
of D, implies lim ., . 1f(D,) — f(z,)| = 0, where z,, is the starting point of D,.
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Thus, lim,, .y B, = f(z¢) on {n(=) < =}, which with the aid of Proposition
1.1 proves P(n() = =) = 1. The proof of the following theorem now follows
exactly in the manner of the proof of Picard’s theorem.

THEOREM 5.1. If D,, 0 < t < o, is a recurrent diffusion on a simply con-
nected n-dimensional manifold T', n 2 2, and if f is a continuous function which
maps D, into two dimensional Brownian motion, then the range of f omits at
most one complex number.

As mentioned, if the speed and drift of a diffusion D, are known then Itd’s
lemma can be used to give conditions on the derivatives of f to ensure that f(D,)
is Brownian motion. Suppose for simplicity that I' = R? and that D, is given
by dD, = b(D,)dt + o(D,)dW,, where D, = (D!, D?), b(x) = (b,(x), b,(x)),
o(x) = oii(x) is a 2 x 2 matrix, and W, = (W}, Wf) is standard two dimensional
Brownian motion. If g = u + jv and if u and v have continuous second partial
derivatives, then, if we let u; = ou/dx;, w; = azu/ax,ax,, and a; =
%(0;,0;; + 0;50;,), 1t8’s lemma gives

2 2 2 2
Z 1
i,j=1 j i=1

i=1 Jj=1
= pu)dt + v, (W)W, + 1,()dW,,

with a similar inequality for v.

An argument similar to one given in McKean [5, p. 109] gives that g maps
D, into two dimensional Brownian motion if it has no drift and infinitesimal
increments which are orthogonal and of the same magnitude, that is if

(1) p(w) = p(w) = 0,

() 7, @)y, @) + 1, W)y, ) =0,

() 711 + B3W) = %) + ).
Note that if D, is standard Brownian motion, that isb = O and 0;; = 1,if i =,
and 0 if i # j, then (1) becomes V2u = V?v = 0, and (2) and (3) together hold
if and only if either the Cauchy-Riemann equations or their analog for anti-entire
functions hold.

Now conditions on b and ¢ which guarantee that D, is recurrent are known
(see [4]), and using Theorem 5.1 and the above technique these can be translated
directly to conditions on the derivatives of the real and imaginary parts of a
complex valued function which guarantee the function has the Picard property.
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